In this letter, we introduce stacked fishnet metamaterial for steering light in microwave region.
condition and starts the next period of motion as before. The prediction of this fantastic phenomenon is suffered controversies for a long time as it is rarely observed directly in regular crystals. The coherence time of electronic wave packet is much shorter in comparison with the period of Bloch oscillations, [5, 6] . However, in semiconductor superlattices systems [7] , the much faster oscillation period give the opportunity to observe Bloch oscillations. On the other hand, in atomic systems [5, 8] Bloch oscillations can be also observed in optical lattices for quite long lifetime of the atoms. Another important classical optical system for mapping is waveguide arrays, which pave the way to achieve visualization of propagations of lights. In waveguide arrays, keeping the original physical mechanism, the behaviors of electronic wave packets in time domain is vividly presented in the form of spatial light intensity distributions which are facilitate to be observed. Dynamical behaviors of lights, such as discrete diffraction Bloch oscillations, Zener tunneling, discrete solitons, are achieved in waveguide arrays. Evanescent coupling and tunneling between adjacent waveguides bridge lights from one channel to another one and manage its dispersion and way of propagation.
In this paper, we demonstrate that optical Bloch oscillations and subwavelength focusing in a system of waveguide arrays that consist of alternative dielectric layers and metallic fishnet structures. The environment of a crystal influenced by a static electric field is mimicked in a system of plasmonic metamaterial. In comparison with metal dielectric waveguide arrays, primarily considering the coupling between adjacent waveguides, stacked fishnet waveguide arrays (SFWAs) demonstrated in this paper provide an additional freedom in tailoring of plasmonics due to the mimicking of surface plasmon polaritons (SPPs) by structured surface.
Instead of gradient of dielectric layers, i. e, permittivity, thickness and temperature, across the entire arrays, the process of mimicking equivalent potentials in our classical optical system is dictated by metallic fishnet perforated with different size of holes. As a consequence, the properties of dispersion of periodic holes in a layer as well as mutual coupling between adjacent channels sandwiched by metallic fishnets are deliberately altered with the variety of geometric parameters of holes. Moreover, subwavelength focusing effect is also realized by tailoring plasmonics under precise design. Most power of incidence could be concentrated into a channel with deep subwavelength scale. Propagation of electromagnetic wave through SFWAs shows negative refraction for oblique incidence. We prepare a three-dimensional metamaterial of SFWAs as sample to demonstrate the experimental observation of subwavelength focusing by scanning field intensity distributions. Optical Bloch oscillations and subwavelength focusing will be sequentially illustrated in the following sections of this paper.
Results
Spoof plasmonic waveguide system. We observe the optical Bloch oscillations in the stacked fishnet structures shown in Fig. 1a . Spatial Bloch oscillations of SPPs or spoof SPPs in metal waveguide arrays (MWGAs) have been observed in the previous studies [6, [9] [10] [11] [12] . However, to the best of our knowledge, optical Bloch oscillations in waveguide arrays reported until now are mostly realized by refractive index gradient of dielectric slabs across the MWGAs. Here, we realize optical Bloch oscillations by tuning the geometrical parameters of holes in local fishnet arrays, which can offer an effective refractive index gradient across the arrays in an indirect way.
However the index of dielectric slabs and the period of waveguide arrays are keeping constant.
The local geometrical parameters of unit cells in a certain metallic fishnet layer are unchanged. In the long wavelength limit, metallic surface perforated with holes can be homogenized into a single-negative medium with electric response in the form of Drude type model [14] . So it is reasonable for us to consider this stacked fishnet arrays as a kind of spoof plasmonic waveguide arrays (SPWAs). Since the variety of size in each fishnet layers is not severe, the SPWAs can be thought of approximately as locally uniform. For the TM-polarized wave, we can get the Bloch wave dispersion relation by transfer matrix method at a certain frequency [15] 
in which k x is the Bloch wave vector, Finally, the magnetic field distribution is almost recovered after a period propagation. The trajectory of light is similar to the behavior of optical Bloch oscillations result from refraction index, width or even temperature gradient in dielectric arrays [6, [9] [10] [11] 16] . The period of ray trajectory in the stacked fishnet structure is 310mm. Fig. 2b plots the calculated dispersion in the X -k x p space. The region in blue corresponds to the different values between two sides of equation (1) approaching to zero, which predict the movement direction of ray trajectory. The beam originates at the position X=x 0 corresponding to the center of the first Brillouin zone (x 0 , 0) and moves in the negative X direction with the increasing k x until it reaches the boundary of first Brillouin zone (k x p=). Then the beam undergoes Bragg reflection and appears at the other edge of the first Brillouin zone (k x p=-). Once the contour has crossed the boundary of Brillouin zone, it moves to the positive X direction as k x towards zero (the center of the first Brillouin zone). Finally the contour returns to origin position (x 0 , 0) completing a whole Bloch oscillation period. The optical Bloch oscillations come from the alternating total internal reflection and Bragg reflection between the boundaries of waveguide arrays [6, 9, 10] . The variety of local geometrical parameters plays the similar role with the refraction index gradient or waveguide width gradient across the structure and devotes to spatial Bloch oscillations. All of them result in propagation constant variety of wave across arrays, which can be solved by equation (1) . This optical Bloch oscillation is the spoof SPPs one, and it is an analogue of the one in electronic system in a crystal [17] . Our exact design in fishnet unit cells mimic the function of external static electric field influencing on a crystal [10] . Fig. 4a , and the focal length is about 198mm occurring over a length scale that corresponds to several wavelengths. Fig. 4c depicts the intensity distribution profile in the focal plane (Y=198mm). The intensity peak in Fig. 4c is about 20 times larger than the incident pulse intensity. Full width at half-maximum (FWHM) intensity is 4.7mm (the total width of three dielectric slabs and two PEC layers). Thus the fields are mainly confined in the central dielectric gaps between the metallic fishnet films. For electric field intensity distribution, its maximum intensity is located at the surface region of metallic films implying that spoof SPPs modes excited by the formation of resonance [14, [18] [19] [20] [21] .
We note that the effective parameters of homogenized media are tuned by the local geometrical parameters of perforated metallic slabs which vary in the X direction. So the local propagation wave vectors in a certain uniform waveguide system can be solved by equation (1) . Importantly they are all the functions of position X because of geometrical parameters variety along X. So, the dispersion relation of the system takes the form as [22] :
Where k y and k x are the vector components along Y and X directions,  s and  a are the symmetry and anti-symmetry mode's propagation wave vector of , and they are solved by equation (1) for
and k x =/(h 1 +h 2 ), respectively. In the uniform case, previous works have shown that negative refraction can be achieved because of the anomalous coupling [22, 23] .
Even in our inhomogeneous stacked fishnet case, the local  a is bigger than local  s , which means the coupling constant between the neighboring arrays is negative. Fig. 4d shows a wave at the frequency of 10.5GHz is incident on the structure with the incident angle of 30 degrees. The focus spot (X<0) moves away from the direction in which the wave is tilted (k x >0). The yellow arrows show the direction of incident wave vector. It clearly shows that the oblique incident wave in the structure suffer the progress of the negative refraction, which comes from the negative evanescent coupling between the adjacent waveguides [10, [24] [25] [26] .
In the Fig. 5a and b, we plot the local dispersion relation of our structure with several certain constant positions X. All dispersion curves in the central part of first Brillouin zone are hyperbolic like curves [27] . The arrows above the dashed curves in Fig. 5 demonstrate the direction of group velocity, and they are always normal to the equi-frequency contour. k y is a conserved quantity because of the uniformity along the direction Y. We can see from Fig. 4d . Fig. 5b shows that the directions of the refracted group velocity undergo negative refraction in the structure.
Experiments on subwavelength focusing effect. For the facility in fabrication of our sample by printed-circuit-board (PCB) technology, we prepared a three dimension sample to experimentally verify the subwavelength focusing effect in the stacked graded fishnet metamaterial. The experiment sample is composed by arrays of PCB slabs as shown in Fig. 3 . The probe for magnetic field scanning is a ring antenna made by coaxial cable. Its diameter is about 5mm as shown in the inset b of Fig. 3 . The antenna on a moveable platform is connected to a Network Analyzer and measures the complex transmission coefficient 21 S .The measured magnetic field intensity 2 21 || S at 1mm above the surface of the sample in XY plane is plotted in Fig. 6a .We can see that the magnetic fields intensity focus effect at the position Y=197mm at the frequency of 10.6GHz. The FWHM of experiment result is 5.27 mm (about /5.4), as shown in Fig. 6b, which has achieved the subwavelength focusing condition. We also compare the magnetic field intensity at the same position with or without our sample in Fig. 6b (the gray dot and dash lines) . The magnetic field intensity with sample is about 10 times larger than that without sample at 10.6GHz.
It also implies that the focusing effect at 10.6GHz actually exists because of the high signal noise ratio.
Discussion
The FWHM of numerical simulations is 4.7mm, which own a relatively higher resolution than experiment result. The frequency is 100MHz higher than that in simulation. These experimental errors come from materials such as the dielectric constant and the thickness of substrate.
Considering the dimension of coaxial cable is about 2mm, we have to prepare an antenna whose diameter is not smaller than 5mm to guarantee the linear TM polarization wave for scanning. So the diameter of the ring antenna used to scan the magnetic field is about 5mm which is also the limit of resolution for our experiment. Hence the measured FWHM of a focusing spot is hard to be smaller than 5mm. On the other hand, we measure the magnetic field intensity in the surface 1mm over our sample, so the fields inside the sample may undergo dispersion once entering the free space. Considering the significant difference of magnetic field intensity between sample existing and free space at the same place, there is exactly field focusing effect caused by sample. For the reasons given above, we conclude that spatial resolution of focusing spot in our experiment has overcome the diffraction limit.
In conclusion, we observe optical Bloch Oscillations and experimentally verify deep subwavelength focusing effect by stacked fishnet metamaterial with varying local geometrical parameters. In long wavelength limit, metallic surface with holes on surface can support the spoof SPPs. The variety of local geometrical parameters of holes provide effective gradient of refraction index in the direction X. Both of them contribute to optical Bloch oscillations in microwave region.
Moreover, subwavelength focusing effect is numerical calculated and experimentally observed.
We verify that the focal spot can be limited to about /5.4 even at the surface 1mm away from the sample, implying that a smaller spot shall exist inside it.
Methods
Sample fabrication. We prepared a three dimension sample by PCB technology to experimentally verify the subwavelength focusing effect in the stacked graded fishnet metamaterial. The pattern of copper layer that could be accurately controlled is printed on a F4BM dielectric substrate. The relative dielectric constant of the dielectric in PCB slab is 2.652% at the frequency of 10GHz. The thickness of each dielectric slab is in the range from 1.55mm to 1.57mm, and the thickness of a copper layer is 3oz (its thickness is 0.105mm). All the materials used in sample fabrication are as close as possible to those in simulations. Our experiment sample for wave focusing is composed of 28 perforated copper layers that alternate with 27 dielectric slabs. All PCB slabs with different size of holes drilled in copper layers are stacked in arrays according to our design order. The scale of a PCB slab in the Y direction is 210mm (35 units), and its scale in the Z direction is 102mm (17 units). 
